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[NMpeancnosue

JlaHHBI KypC MaTeMaTU4eCKOro aHajiu3a CO3/aH Ha OCHOBE JIEKLIUH, IPOYUTAH-
HbIX aBTOPOM Ha (paKyJabTeTe BBIUMCIUTEILHON MaTeMaTHKH U KubepHeTuku (BMK)
MOCKOBCKOT'0 rocyJapCcTBEHHOTr 0 yHUBepcuTeTa uMeHu M. B. JlomoHocoBa 1 B ero ¢pu-
muane B T. EpeBane. HecMoTps Ha oOuine 3amevatesibHbIX MoHorpadwmii (O.B. Becos
[3], B.A. 3opuu [8, 9], B.A. Uabun, .. Ilo3usak [10, 11], B.A. Unbun, B.A. Ca-

poanunii, bia.X. Cengos [12, 13], C.M. Hukonsckuii [17, 18], FO.I. Pemernsk
[20,21,22,23], V. Pynun [24], ']M. ®uxrtenronsii [26, 27, 28], T. Anocton [32], T. Tao
[53, 54] u mpyrue), aBTOp CUYEN HEOOXOAMMBIM CO3[JAaHUE HOBOTO Kypca, OCHOBHAs

1eJTb KOTOPOTO MpeJIeNbHO MPOCTa: JaTh IOJHOE, IOCJIeI0BaTeIbHOS, MAaTEMAaTHIECKH
CTPOTO€ U ITPY 3TOM MaKCUMAaJIbHO KOMITAaKTHOE U3JI0KEHHE BCEX OCHOBHBIX BXOISLINX
B IIpOrpaMMy 3TOrO Kypca onpejieieHui, (popMyIMpoBOK U ToKazaTesbeTB. Ocoboe
BHIMaHHE yAeJsSeTCs CHATHIO JIMIITHUX TpeOOBaHMA pH (POPMYITMPOBKAX yTBEPKIe-
HMH, a Takke OOLIHOCTH U MPUMEHHMOCTH 3THX (POPMYIMPOBOK. ABTOp TaKkXke CTpe-
MMJICS CAEJIaTh KyPC 10 BO3MOKHOCTH CAMOZIOCTATOYHBIM, TO9TOMY B HEI'O BKJTIOYEHBI
HEKOTOPBIE CBEJEHUS U3 IPYyTUX Pa3/iesIoOB MaTEMAaTUKU: TEOPUU MHOXKECTB, ajIreOpsl,
o011eii Tononoruy. 1 JOCTHKEHUS MOCTABJICHHBIX 1IeJIell UCTIONb30BAICH MaTepH-
atbl OOJIBIIIOrO YKCIIA KJIACCHYECKUX U COBPEMEHHBIX MOHOTpaduil, cTareil, a Takxe
MHTEPHET-3aMETOK, Oy OJIMKOBAaHHBIX B IIOCJIEJHUE IOIbl. P51 onpeienenuii v Teopem
JaHHOTO Kypca MpHUHAAJIeXaT aBTOPY (CM., B YaCTHOCTH, [45, 40]).

Hapsiny ¢ oTMEUYeHHBIMH BbIIIe UJICHHBIMUA COOOPaKEHUSIMH, TIEPEUKCIIUM HEKO-
TOpbIE KOHKPETHbIE OCOOEHHOCTH JaHHOTO Kypca:

» HarypaJibHble unciia BBOLSTCS IIPU OMOIIM AKCHOMATHKK TEOPUU MHOXeCTB. Be-
IIECTBEHHBIE YHCJIa CTPOSATCS HAa OCHOBE HaTypaJbHbBIX ITPU MOMOIIY TOH ke aKCH-
OMATHKH TEOPUU MHOXKECTB, TIPH 3TOM YJeJIseTCs 0C000e BHUMAHKE aKCHOMATHUKE
NOAH020 YROPSAOOUEHHO20 NOASL, BIIOJIHE ONPEAEISIONIEH MHOKECTBO BEILIECTBEH-
HBIX YHCell.

* Ocoboe BHUMaHUE yIeseTcs IPyIe YyTBEPXKICHUH, SKBUBAJICHTHBIX MPUHLIUITY
MOJIHOTHI BEIIECTBEHHBIX YMCEJ, II€ SKBUBAJIEHTHOCTb MIOHUMAETCS B CTPYKType
(apxumeI0Ba) yNOpsiJOYEHHOT O TOJISL.

* Jlns onpenieneHust BCeX npedenog Mbl IPUAEPKUBAEMCS €JMHON KOHLISIILUY NIpe-
Jena (pyHKIMY B MONO0AOUMECKUX NPOCMPAHCIEAX. DTO MO3BOJAET MOCIIeA0Ba-
TEJbHO Pa3BUBATh TEOPHIO, HE MPHBJIEKas P STOM aTbTepPHATUBHBIE ONpesesie-
HUs Ipeliesa (Hanpumep, npeden no oase).
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* Oco0oe BHUMaHHE YIeIsAeTCs] aKKyPaTHOMY OIpeesIeHII0 TPUTOHOMETPUIECKUX
(pyHKLMI ¢ COXpaHEHUEM KOHIENLUI, IPUHSTHIX B Kypce 3JeMEeHTApHON MaTeMa-
tuky. [Ipy 3TOM IPUXOAUTCS ONpEeNesaTh STU (PYHKIIMM KaK Ha MHOXECTBE 2e0-
MempUUeCcKUx y2n08 Ha NA0CKOCMU, TaK 1 Ha MHOXKeCTBe R BellleCTBEHHBIX YHCEIL.
Takoii moaxo/, X0oTs U TpeOyeT 3HAHWI, BHIXOAIIMX 338 PaMKK Kypca AHanu3a I,
MO3BOJISIET PA30PBATh MOPOYHBINA KPYT IIPY BBIBOZAE MIEPBOIO 3aMEYaTeJIbHOTO Mpe-
Jena.

* JlaHbl akKypaTHble oIpeeseHns 1 (POPMYIMPOBKY OCHOBHBIX CBOMCTB O-MaJIbIX,
CTapIIVX MPOU3BOJAHBIX HESBHOM MMapaMeTpUIeCKy 3aJaHHOM (DyHKIIMH, BBITYKJIBIX
(pyHK1IMIA, TOUEK neperuda rpaduka PyHKITNH, KOMIUIEKCHBIX YHCE]T, MHOTOUYJICHOB
U PalMOHAJIbHBIX (DYHKIIUIA.

* [Ipu dopmynupoBke TEOpeM U U3JIOKEHUU METOJOB MHTErPUPOBAHUSI KOHKpE-
TU3UPYIOTCSI TIPOMEKYTKH, Ha KOTOPBIX MINETCS Ta WIM WHAs NepBOOOpasHasl.
B gactHOCTH, TEOpEeMa 0 3aMeHe MepeMEeHHO! JoKa3aHa JJIsl aphbl IPOU3BOIBHBIX
HEBBIPOXXJEHHBIX IPOMEKYTKOB.

* [IponemMoHCTpUpOBaHa TECHAsl CBSI3b MOHATUS CAPAMASEMOCHU KPUBOH C Kac-
COM (PYHKYUL 02paAHUUEHHON apuauiu, IPU STOM HETIPEPhIBHOCTb OTHECEHA Ha
BTOpPO¥ IJIaH B CUJTy €€ Hea/leKBaTHOCTH MOHSATHIO CIIPSMIIAEMOCTH.

* Mepa JKopnana BeefeHa B mpoctpancTBe R™ Mpon3BoIbHON pa3MEpPHOCTH, U OCO-
60c BHUMaHUE yeJsieTcs e€ CBOMCTBAM, KOTOpbIe OT pa3MEpHOCTH He 3aBHCHIT.
[pu m3noxeHUn 3TON Teopuu ObUIUA CBEJCHBI K MUHUMYMY CCBUIKM Ha T€OMeET-
pHUUECKUE YTBEPKACHUS, HE BXOISAIINE B 00SI3aTEJIbHYIO IIKOJIBHYIO IIPOrpaMMy.
Takke J0Ka3aHa Teopema O MpeAcTaBIeHUH Mepbl JKopraHa MHTErpajioM OT Xa-
paKTepUCTHYECKNX (PYHKIIMI, YCTaHABIMBAIOIIAs CBA3b Mekay Mepoil JKoprana
U uHTerpajgoM Pumana.

* Tak Kak OIHUM U3 OCHOBHBIX pa3/eJiOB JAHHOTO Kypca sIBJISIETCS U3JI0KEHHUE TeO-
puu OuppepeHyuanbioz0 UCUUCAeHUsl, ICHTPATbHBIM OOBEKTOM M3Y4YEHHS BbI-
OpaHbl (DYHKIIMH, ACHCTBYIOIIME B HOPMUPOGAHHLIX (4 HE B METPHUUYECKHUX WIIH
TOMNOJIOTUYECKUX) MMPOCTPAHCTBAaX. B CBA3M € 3TUM KPATKO U3JI0KEHBI OCHOBHBIE
onpeJesieHus U CBOCTBa HOPMUPOBAHHBIX IPOCTpaHCTB. [lonsaTue auddepeHuu-
pyeMocTu (PyHKIIUM MHOTUX NIEPEMEHHbIX, KaK U BO MHOTUX U3BECTHBIX MOHOIPa-
dusax (mampumep, [8, 21, 24, 32, 54]), BBODUTCS C UCTIONH30BAHUEM AUHELIHbIX
onepamopoa.

* BMecTo MHIYKTUBHBIX ONPEAEICHUI 151 YaCTHBIX TPOM3BOAHBIX U AU depeHIma-
JIOB BBICIIMX MOPSIIKOB IaHBl ONPEIEICHUs B TEPMUHAX KOMUO3UYULI ONepamopos
ougpbeperyuposarnus, 4TO aBTOMATUYECKU TO3BOJSET TOJb30BATHCS ACCOUUA-
TMUBHOCHIbI0 KOMITO3ULIMY TIPU PACCMOTPEHUH 3TUX 00BEKTOB. Takxe mpH Takom
MO/IXOJIe HET HeOOXOMIMOCTH CChIIATHC S HA <MHEMOHUYECKHE TIPABUIIa» U «YCIIOB-
Hble 0003HAYEHHUsI», TaK KaK BCE CUMBOJIbI OJJHO3HAYHO OIMpeJIeNieHbl B OIepaTop-
HOU anreope.
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* TIpuseneno npemioxenHoe Bamie—Ilyccenom (cm. [6], [10], [12]) onpenenenue
k-xpartHoit tuddpepeniupyemoctn pyakipm f: R™ — R B Touke x( uepe3 aud-
(pepeHIIPYEeMOCTDb €€ YaCTHBIX MPOM3BOAHBIX MOpsinka k — 1 B 3T0ii Touke. [lo-
Ka3aHo, uTo Il k pa3 audepeHIpyeMbIX M0 STOMY OMpeAesIeHH0 (PyHKIIUH
BepHa 00001EHHAs TeopeMa SIHra, a Takxke Teopema Teilopa ¢ 0CTaTOUHBIM UJie-
HOM B (popme Ileano.

* [IpeanoxeHo U3J0kKEHNE TEOPUH YCIOBHOTO SKCTPEMYMa, BKJIIOYAIoLIee Heo0Xo-
IMMOE, a TaKXe 0CTATOUYHOE YCJIOBUE 2-TO MOPSIKA C HOBBIM 00JIee KOMIIAKTHBIM
000CHOBaHHUEM.

* JlaHbl OpUTHHAIBHBIE (M HarOoJIee KOMITAKTHBIE U3 BCEX M3BECTHBIX aBTOPY) JIOKa-
3aTesIbCTBA TEOPEM O KPUTEPHUSAX MHTEIPUPYeMOCTH 1o PumMany, o 3ameHe mnepe-
MEHHOH B HECOOCTBEHHOM MHTErpaje (B (hOpMyJIMPOBKE KOTOPOI OTCYTCTBYET U3-
JuiHee TpeOGoBaHHE MOHOTOHHOCTH (DYHKUMH, OCYILIECTBIISIONIEH COOTBETCTBY-
IOIYI0 3aMEHy), O IJIOMIAIU ciiefja COpsAMISIEMOl TIOCKON KpUBOil, 00 SKBHBa-
JICHTHOCTH JBYX ONpeJesieHnii MHOTOKpaTHON auddepeHmpyeMocTy (pyHKIN
B TOUKe, TeopeMbl Teisiopa ¢ octaTouHsIM 4ieHoM B popme [leano, B popmynu-
POBKE KOTOPOH y1aJI0Ch OCIa0dUTh TpeOoBaHue k-KpaTHOU qudpepeHurpyeMocTu
no ®peiue, a Takxke psaa APyrux.

B xavecTBe HOMOMHATENFHOTO MaTeprata IPUCY TCTBYIOT:

* HanGonee KOMIAKTHOE M3 BCEX M3BECTHBIX aBTOPY [0OKa3aTEJbCTBO KpUTEPHS
Jle6era unterprpyemoctu (pyHKIMU 10 PUMaHy, OCHOBaHHOE Ha JIeMMe O CyIIle-
CTBOBaHMM pa30MeHus] XCHCTOKA.

* OmnpenesieHne HEKOTOPOrO YHHMBEPCAJIBHOTO TOIOJOTMYECKOTO MPOCTPAHCTBA,
BKJIIOYAIOIIEr0 B ceOs1 HeCOOCTBEHHBIE TOUYKM Kak 3jeMeHThl. C ero noMoupio
MOXHO 06OHTHCE 6e3 paccMoTpeHus 62 = 216 pasIMuHBIX 6a3 1715 oNpeieseHus
npeaena dynkmm f: R3 — R (nanpumep npu (z,y,z) — (3+, —00,27)).
B cwity Toro, 4to mocTpoeHHOE MPOCTPAHCTBO YIOBIETBOPSET Nep8oli akcuome
cuémnocmu, Mbl aBTOMAaTUIECKH NIOJTy4aeM CIPaBeJIMBOCTh OnpejieseHus eiine
IJIs BCEX THIIOB INPEAEJIOB, KOTOPhIE pacCMaTpPHUBAIOTCS B CTaHAAPTHHIX Kypcax
aHaJM3a.

* Jloka3aTeabcTBO MHBAPUAHTHOCTHU KOPJAHOBOW Mephl HE TOJBKO OTHOCHUTEJBHO
CABWIOB, HO U OTHOCHUTEJIbHO JIIOOBIX U30METPUUECKUX MPeoOpa30BaHUil JT000ro
W3MEPUMOTO MHOKECTBA.

* TlonHOE TOKa3aTeILCTBO OCHOBHOW TEOPEMBI aIreOphl, KOTOpasi CYIIEeCTBEHHO UC-
NOJIb3YETCSl B IV1aBe, MOCBAIIEHHON HAXOKAECHUIO MEpBOOOPA3HBIX. DTO JI0Ka3a-
TEJILCTBO MCIOJb3YET JIMIIb MaTepHuall, U3JOKXEHHBII B 3TOM Kypce.

* AKKypaTHHIe onpegenenus knaccos D*(Q, H,N) u C*(Q, H, N) k pa3 mud-
(epeHnmpyembix 1 HempepblBHO auddepenippyembix dyakmmii f: H — N,
rne H, N — nopmuposanmuvie npocmparncmea v () C H. Jloka3aHbl TeOpeMbl
0 MPUHAJIE)KHOCTH KOMIO3UIMI (DYHKIIMI M3 PACCMOTPEHHBIX BBIIIE KJIACCOB IIPH
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(prkcrpoBaHHOM k TeM ke KJ1accaMm IIagKkoCcTH. [j1si KOMIO3HIUY JBaX a6l qrdde-
peHIMpyeMbIX (PYHKIIMI B SIBHOM BUJE MOTy4YeHa (popMysia BHIUUCIICHUs BTOPOTO
nuddepenirana B TepMUHAX EPBOro U BTOPOro AudpepeHnanoB oT (PyHKIIMMA,
00pa3yoIMX pacCMaTpUBaeMyl0 KOMIIO3UIMIO (M3BeCTHasi aBTopy pabdorta [37],
B KOTOpO# BhIBOOUTCS 001mas popmyna tuna Paa-nu-bpyHo, UCTIONB3YeT TEXHU-
KY, TpeOYIOIy10 CBOOOHOTO BJIAICHUS] YHUBEPCUTETCKUM KypCOM (DYHKITUOHAITb-
HOTO aHaJIN3a, U, KpOMe TOro, chopMyIMpOBaHa MPY U3JIUIITHUAX MPEAOI0KEH -
X 0AHAXOBOCTU COOTBETCTBYIOIIUX MPOCTPAHCTB U NMPUHAIEKHOCTH UCXOTHBIX
dysximii k1accam C* Ha COOTBETCTBYIOIMX OMKPbBINILIX MHOKECTBAX).

* OopMyIMpPOBKA U JI0KA3aTEJIbCTBO TEOPEMBI, SIBJISIONIEICS MPAMBIM 0000IIEHU-
eM TeopeMsl flHra Ha cilyyail YacTHBIX MPOM3BOJHBIX MPOU3BOJILHOTO MOPSAKA,
JOKa3aTeJIbCTBO (MM XOTSI OBl TOUHYIO (DOPMYJIMPOBKY) KOTOPOH B M3BECTHBIX
MCTOYHUKAX aBTOPY OOHApPYXHUTh HE YIAJIOCh.

Teopembl HyMepyloTcs B npejienax naparpada. [Ipu ceplike Ha Teopemy Apyroro
naparpada TOH Ke IJIaBHl IepBas Iudpa 03Ha4aeT HOMep maparpada, Mpy CChUIKE
Ha TeopeMy JApYyroi IiaBbl epBas g pa 03Ha4aeT HOMeEP IJIaBbl, BTOpas — HOMep
naparpada. Tak, Teopema 2 — 3T0 Teopema 2 U3 TOro xe naparpaca, reopema 3.2 —
3TO TeopeMa 2 § 3 U3 Tol *ke IaBhl, a Teopema 6.3.2 — 3710 Teopema 2 § 3 U3 IJ1aBbl
6. To e OTHOCHTCS KO BCEM OIpelesIeHHAM, JIeMMaM, YTBEPKACHUAM, [IpUMeEpaM,
CJIEJCTBUAM U 3aMedaHusAM. PopMyIsl HyMeEpyYIOTCA B Ipejenax naparpadga, Hymepa-
115l PUCYHKOB CKBO3Has. Takske Mbl npuepxusaemcs cornamenus 0° = 1 Bo Beex
(opmynax, rae noroOHOE BEIpAKEHUE BO3HUKAET.

JlaHHBII yueOHUK N3aeTCs B IEYaTHOM U IeKTpOHHOM opmarax. [Ipu coznanum
3JIEKTPOHHOI BEpCHM 0C0O0e BHUMAHHE Y/IeJISIIOCh HHTEPAK THBHOCTH: BCE JIEMEHTHI
OIJIaBJIEHMS], TIPEJMETHOrO yKazaTess, CIUCKa 0003HAUYEHMH, a TaKkkKe BCE CCHUIKH
IIPU HAKATUM HA HUX OTCHUIAIOT YUTATEJNs] HA COOTBETCTBYIOLIMIA JIEMEHT B TEKCTE,
YTO TIOJIHOCTHIO COOTBETCTBYET COBPEMEHHON TEHJECHLMM CO3JaHUs JIEKTPOHHbIX
yU4eOHUKOB.

ABTOp BHIpakaeT OyarogapHOCTh cTyneHTaM ¢dakymprera BMK MIY wnmvenu
M.B. JlomoHocoBa b. BanmaxmetoBy, O. Bacsauuny, C. JlanunoBy, M. MopaBUHIIEBY,
A. Penuny, M. YepHsBckomy 3a nomoiup B odopmieHun tekcta. Ocobyio Oiaro-
JapHOCTh aBTOp BhlpakaeT A. BmagumupoBy, O. Kyapssuesoit u A. Muxaiisiosy,
(pakTryecku B3sBIIEMY Ha ce0sl pojb TEXHHUYECKOTO peJakTopa IepBOHAYAJIbHOM
9JIEKTPOHHOM BEPCUMU.

A. Kyaewosg





